In this paper, a supersymmetric extension of the polytropic gas dynamics equations is constructed through the use of a superspace involving two independent fermionic variables and two bosonic superfields. A superalgebra of symmetries of the proposed extended model is determined and a systematic classification of the one-dimensional subalgebras of this superalgebra is performed. Through the use of the symmetry reduction method, a number of invariant solutions of the supersymmetric polytropic gas dynamics equations are found. Several types of solutions are obtained, including algebraic-type solutions and propagation waves (simple and double waves). Many of the obtained solutions involve arbitrary functions of one or two bosonic or fermionic variables. In the case where the arbitrary functions involve only the independent fermionic variables, the solutions are expressed in terms of Taylor expansions.
I Introduction
Symmetries of fluid dynamics have recently attracted a considerable amount of interest among physicists and mathematicians. Dispersionless hydrodynamic systems can be studied from a variety of points of view, of which the best understood are (1 + 1)-dimensional systems. Such systems include, among others, polytropic gases, the Chaplygin gas, the Born-Infeld equations and hydrodynamic systems written in terms of Riemann invariants. Such systems also include strings and Nambu-Goto membranes (see e.g. R. Jackiw 1 and references therein).
The purpose of this paper is to construct a supersymmetric version of the polytropic gas dynamics equations in (1 + 1) dimensions ρ t + ρ x w + ρw x = 0
where w is the velocity of the fluid, ρ is its density and γ is the polytropic exponent. These equations are linked with the ones given in Das and Popowicz 2 (p. 3, equation (1))
(given in the form of conservation laws) through the transformation w = −u, ρ = v.
For the case where the polytropic exponent is γ = −1, we get the Chaplygin gas. Supersymmetric versions of the Chaplygin gas in (1 + 1) and (2 + 1) dimensions were formulated through the parametrization of the action for a superstring and supermembrane respectively. 1, 3, 4 The case γ = 2 refers to the dispersionless limit of two bosonic equations. 5 When γ = 3, the equations represent the dispersionless limit of two non-interacting Korteweg-de Vries equations (known as Riemann invariants equations). 1, 6, 7 Finally, the γ = 4 case is the dispersionless limit of a Boussinesq equation. 8, 9 In the context of hydrodynamic-type equations, other models have been supersymmetrized and analyzed from the group-theoretical point of view. Examples of such models include the Korteweg-de Vries equation, 10, 11 the Kadomtsev-Petviashvili equation, 12 the scalar Born-Infeld model, 13 a Gaussian fluid flow 14 and a hydrodynamic system expressed in terms of Riemann invariants. 6, 7, 15 The results are of interest since we can construct certain classes of solutions with the freedom of arbitrary functions of one or two arguments involving bosonic and fermionic variables.
In the case of several integrable systems, the Lax pairs and multisolitonic solutions have been found for their supersymmetric extensions (see e.g. [16] [17] [18] [19] [20] . It is natural in this context to consider other types of wave superpositions. It has been established that classical hydrodynamic-type systems admit simple and multiple Riemann wave (scattering and non-scattering) solutions. 5, 21 The question arises as to whether or not the same holds true for a supersymmetric extension of such a model. We will answer this question in the case of the polytropic gas dynamics equations (1) by performing a symmetry analysis.
The supersymmetric extension that we construct in this paper differs from that of Das and Popowicz 2 in the sense that our superspace includes two independent fermionic variables instead of one. Also, the superfields which we propose are bosonic-valued instead of fermionic-valued. This is a different form of supersymmetric extension for the equations (1) which, to our knowledge, has not previously been considered. We perform a systematic group-theoretical analysis of our constructed supersymmetric model. This paper is organized as follows. In section 2, we construct a supersymmetric extension of the polytropic gas dynamics equations (1) through a superspace and superfield formalism involving two independent fermionic variables. In section 3, we present in detail a number of symmetries of our supersymmetric system. For this purpose, we use a generalization of the method of prolongation of vector fields, extended so as to include both even and odd Grassmannian variables. The symmetry criterion is adapted to this case, and the superalgebra associated with the supersymmetric system is determined. We classify the one-dimensional subalgebras of this superalgebra into conjugation classes under the action of the associated supergroup, and this allows us to perform symmetry reductions in a systematic way. In section 4, we proceed to find the invariants and reduced systems corresponding to those subalgebras with standard invariants structures. The other subalgebras, possessing a nonstandard invariant structure, are discussed separately. We propose a new method for solving the reduced equation. This leads to solutions of the supersymmetric polytropic gas model, many of which contain the freedom of arbitrary functions of one or two arguments which are expressed in terms of bosonic or fermionic variables. In the case when the arbitrary functions involve only the independent fermionic variables, we were able to express the solution in terms of a naturally truncated Taylor expansion. Finally, section 5 contains the final remarks and future outlook.
II Supersymmetric extension
The supersymmetric extension is constructed by first considering the following superspace and superfield formalism. We extend the space of independent variables {(x, t)}, which presently includes only bosonic variables, to the superspace {(x, t, θ 1 , θ 2 )} which also includes the independent fermionic variables θ 1 and θ 2 . The variables x and t represent the bosonic (even Grassmannian) coordinates on 2-dimensional Minkowski space, while the quantities θ 1 and θ 2 are anticommuting fermionic (odd Grassmannian) variables. We replace the real bosonic-valued fields of velocity w(x, t) and density ρ(x, t) by the bosonic superfields defined as
respectively, where φ 1 , φ 2 , ψ 1 and ψ 2 are fermionic fields and F and G are bosonic fields. The supersymmetric extension of the polytropic gas equations (1) is constructed in such a way that it is invariant under the supersymmetry transformations
where η 1 and η 2 are fermionic constants. In what follows, we use the convention that underlined constants represent fermionic parameters. These transformations are generated by the infinitesimal supersymmetry generators
which satisfy the anticommutation relations
Here, we use the concept of supercommutation in the sense that we take the commutator of either two bosonic quantities or of a bosonic quantity and a fermionic quantity, but the anticommutator of two fermionic quantities. In order to make our superfield theory manifestly invariant under the action of the supersymmetry generators Q 1 and Q 2 , we write the supersymmetric system in terms of the covariant derivative operators
which possess the property that they anticommute with the supersymmetry generators
We supersymmetrize the polytropic gas dynamics equations (1) directly at the equation of motion level instead of from its Lagrangian form. In order to build the supersymmetric extension, we evaluate the covariant derivatives of the superfields W and P of various orders. The most general supersymmetric extension of the polytropic gas equation (1) is constructed by considering linear combinations of the products of the various covariant derivatives of the superfields W and P . These multiply together to produce the given terms as coefficients whose component reproduces each term of the classical equations (1). The result of this analysis gives the following form of the supersymmetric polytropic gas dynamics equations
and
where a, b, ... , m are thirteen arbitrary bosonic parameters. In this paper, we focus on the simplest case where all of the parameters vanish:
We will subsequently refer to system (11) as the supersymmetric polytropic gas dynamics equations.
A real Grassmann algebra G is generated by a finite or infinite number of generators (ξ 1 , ξ 2 , . . .). It is a graded vector space G = G 0 + G 1 , where each variable Y in G that we use is either even or odd. In general, for a Grassmann variable Y , we can define a "parity"Ỹ which is 0 if Y is even and 1 if Y is odd. In order to derive equation (11), we have used the following Leibniz rule:
The partial derivatives with respect to odd coordinate satisfy the usual operational rules, namely
and D 2 change the "parity" of the function acted on in the sense that it converts a bosonic function to a fermionic function and vice-versa. For example, ∂ θ i W is an odd superfield while ∂ θ 1 ∂ θ 2 W is an even superfield, and so on. For further details, see the book by Cornwell 22 and the reference by DeWitt.
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III Symmetries of the supersymmetric polytropic gas dynamics equation
In order to determine the Lie superalgebra of infinitesimal symmetries of the supersymmetric equations (11), we make use of the apparatus of vector field prolongations as described in the book by P. J. Olver. 24 Specifically, we make use of a generalization of this method to Grassmann variables in analogy with the case of the supersymmetric sine-Gordon equation.
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A symmetry supergroup G of the system (11) is a (local) supergroup of transformations acting on the cartesian product of supermanifolds X × U, where X represents the independent variables (x, t, θ 1 , θ 2 ) and U the dependent variables (superfields) (W, P ). The action of G on the functions W (x, t, θ 1 , θ 2 ) and P (x, t, θ 1 , θ 2 ) maps solutions of (11) to solutions of (11) . Assuming that G is a Lie supergroup as described in [26] [27] [28] one can associate to it its Lie superalgebra of even left-invariant vector fields g, whose elements are the infinitesimal symmetries of the system (11) . In particular, a local one-parameter subgroup of G consists of a family of transformations
where x = (x 1 , x 2 , x 3 , x 4 ) = (x, t, θ 1 , θ 2 ) are the independent variables and u = (u 1 , u 2 ) = (W, P ) the dependent variables. Here, ε is a real parameter, whose range may be restricted depending on the values of x, t, θ 1 , θ 2 , W, P . Such a local subgroup is generated by a vector field of the form
where the coefficients are given by
The Lie superalgebra g, consisting of all vector fields of the form (14) , then generates the Lie supergroup G. The advantage of working with the Lie superalgebra g instead of directly with the Lie supergroup G is that the equations defining the infinitesimal symmetries are linear.
In order to determine the infinitesimal symmetries of a system of partial differential equations, it is useful to make use of the concept of the prolongation of a (super)group action. The idea is that the transformation of the coordinates x i →x i , u α →ũ α induces a transformation of the derivatives
In order to make use of this concept, we define the multi-index J = (j 1 , . . . , j p ), where j i = 0, 1, . . . and |J| = j 1 + . . . + j p . The space of coordinates on X × U is extended to the jet bundle J k = {(x i , u α , u α J )| |J| ≤ k}, which includes the coordinates and all derivatives of the dependent variables of order less than or equal to k. In our setting the jet bundle is a supermanifold as well, since X × U was. On the jet bundle, we define total derivatives
where
. . , j n ). More generally, for J = (j 1 , j 2 , . . . , j n ), we define the composite derivative
The prolongation of a Lie (super)group action to the jet bundle J k in turn induces a prolongation of the generating infinitesimal vector field in the Lie (super)algebra. For the vector field v given by (14) , the k th order prolongation of the vector field v is
where φ α J (x, u (k) ) are given by the formula
or, equivalently, by the recursive formula
The symmetry criterion (Theorem 2.31 in Olver 24 ) assumes that G is a connected Lie group of transformations acting locally on X × U through the transformations
where g ∈ G and ∆ ν (x, u (n) ) is a non-degenerate system of partial differential equations (meaning that the system is locally solvable and is of maximal rank at every point (x 0 , u
. Then G is a symmetry group of ∆ = 0 if and only if
for each infinitesimal generator v of G. Using the results of, 26, 27 one finds that the same criterion can be used also in the case of the Lie supergroup G and its Lie superalgebra of even left-invariant vector fields.
For the purpose of determining the Lie superalgebra of symmetries of the system (11), let us write a vector field of the form
where ξ, τ , Λ and Ω are bosonic functions, while ρ 1 and ρ 2 are fermionic. In general, we use the convention that the fermionic coefficients in a vector field expansion (in this case ρ 1 and ρ 2 ) precede the fermionic derivatives which they are multiplied by ( in this case ∂ θ 1 and ∂ θ 2 respectively).
According to the symmetry criterion, the vector field (23) is an infinitesimal generator of the symmetry group of the system of differential equations (11) if and only if
whenever
We use the following expressions for the total derivatives D x , D t , D θ 1 and D θ 2 :
We note that the chain rule for a Grassmann-valued composite function f (g(x)) is 23, 29
The interchangeability of mixed derivatives (with proper respect to the ordering of odd variables) is of course assumed throughout. The second prolongation of the vector field (23) is given by
Here, we use upper indices in coefficients Λ x , Ω xθ 1 etc. in order to distinguish them from partial derivatives, e.g. Ω xθ 1 = ∂ θ 1 ∂ x Ω. Applying the second prolongation (30) to the equation (11), we obtain the following conditions for the coefficients of the second prolongation (30)
Note that proper respect to the ordering of fermionic terms is essential, e.g. Λ tθ 1 is odd. We see that we only need to calculate the coefficients Ω (30) . They are found from the superspace version of the formulae for the 1st and 2nd prolongation (20)
The derivation of these formulae is performed in the same way as in the bosonic case, working formally with infinitesimal transformations and keeping track of ordering properties. The signs in the expressions below vary according to the considered equation (11) . Explicitly, the coefficients of the prolongation (30) are given as follows:
Substituting the above formulae into the equations (31) and (32) and making the substitutions from the original supersymmetric equations (11)
we obtain a series of determining equations for the functions ξ, τ , ρ 1 , ρ 2 , Λ and Ω in (23) . We provide a specific solution of these determining equations, with the form:
where C 1 , C 2 , C 3 are bosonic constants, while K 1 and K 2 are fermionic constants. Here, the function Ω(P, γ) is parametrized by the polytropic exponent γ. Thus, the superalgebra L is spanned by the following vector fields:
Here, the generators P 1 and P 2 represent translations in the x and t directions respectively, L 1 (γ) and L 2 (γ) are two families of dilations in the independent and dependent variables, and Q 1 and Q 2 are the supersymmetric transformations already determined in equation (5) . The dependence on γ is reflected in the form of the two dilations, L 1 (γ) and L 2 (γ), 
which we abbreviate for convenience as L 1 and L 2 respectively. The supercommutation relations of the superalgebra generators (47) are given in Table I .
This superalgebra differs in structure from a classical Lie algebra in the sense that the diagonal contains non-zero elements, i.e. {Q 1 , Q 1 } = −2P 1 and {Q 2 , Q 2 } = −2P 2 .
We now proceed to classify the one-dimensional subalgebras of the Lie superalgebra into conjugacy classes according to the action by the Lie supergroup generated by the Lie superalgebra L. We construct a list of representative subalgebras such that each subalgebra of L is conjugate to one and only one element of the list. We perform this analysis using the methods described in (for example). [30] [31] [32] [33] We begin our classification by writing the superalgebra L as a direct sum of two semi-direct sums of smaller algebras in the following way
Consider first the semi-direct sum
This algebra a can be classified by using the method for semi-direct sums of algebras.
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This method leads to splitting subalgebras (of the form m + ⊃ n, where m ⊂ {L 1 } and n ⊂ {P 1 , Q 1 }) and non-splitting subalgebras which cannot be written in this form.
Let us first discuss splitting subalgebras. The subalgebras of {L 1 } are {0} and {L 1 }. For each of these two subalgebras, we must consider all subalgebras of {P 1 , Q 1 } which are invariant under (super)commutation under the given subalgebra of {L 1 }.
For subalgebra {0}, all subspaces of {P 1 , Q 1 } are invariant subalgebras. That is,
So the possible representative subalgebras are {0}, {P 1 }, {µQ 1 }, {P 1 +µQ 1 } and {P 1 , Q 1 }
We classify such subalgebras in the following way. We begin with the trivial subalgebra a 0 = {0}. Let us now consider the one-dimensional subalgebra {P 1 } and apply the action of the subgroup e {L 1 ,P 1 ,Q 1 } generated by a to it. If we take any arbitrary element of a:
Therefore, under the action of the subgroup e {L 1 ,P 1 ,Q 1 } , we obtain P 1 → e −2α P 1 . So, a 1 = {P 1 } is the only subalgebra in its conjugation class.
Consider now the subalgebra {µQ 1 }. If Y = αL 1 + βP 1 + ηQ 1 , then we obtain
Consequently, under the group action of e {L 1 ,P 1 ,Q 1 } , we get
So, by re-scaling the η, we can obtain other multiples of the generator µQ 1 + ηµP 1 . We represent all these possibilities by the subalgebra a 2 = {µQ 1 }.
The subalgebra {P 1 + µQ 1 }, under the action of the group, leads to
All of these are covered under the subalgebra a 3 = {P 1 + µQ 1 }.
The remaining subalgebra, {P 1 , Q 1 } is already two-dimensional and is therefore not included in our classification of one-dimensional subalgebras of a.
The subalgebra {L 1 } is already one-dimensional, so the only splitting one-dimensional subalgebra of a obtained from consideration of the subalgebras of
Let us now discuss non-splitting subalgebras of a. We consider vector spaces of the form
Applying a cocycle to {L 1 }, we obtain
so, if we let λ 1 = − 1 2 a 1 and λ 2 = −a 2 , then for (56), we get
Thus, there are no non-splitting subalgebras of a. So, the algebra a = {L 1 , P 1 , Q 1 } has the one-dimensional subalgebra classification
Similarily, the algebra b = {L 2 , P 2 , Q 2 } has the one-dimensional subalgebra classification
Considering now the direct sum
we use the Goursat method for the classification of direct sums.
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The one-dimensional non-twisted subalgebras are formulated by successively taking the direct sums of each subalgebra of a with each subalgebra of b. This results in the following list:
For twisted subalgebras, there are 16 possibilities of combining two subalgebras together. Two subalgebras, a i and b j can be twisted together if a homomorphism τ exists from a i to b j :
For example, if we consider a 1 = {P 1 } and b 1 = {P 2 }, then the most general homomorphism from a 1 to b 1 is:
where k is any scalar. This gives us the family of twisted subalgebras V = {P 1 + kP 2 }. By considering the action of the full supergroup e {L 1 ,L 2 ,P 1 ,P 2 ,Q 1 ,Q 2 } on V , we see that k can be rescaled by any positive real number. So, the representative subalgebra is:
Considering all possibilities, we obtain the list of all representative one-dimensional subalgebras of the superalgebra L generated by the vector fields (47):
This list of subalgebras will allow us to systematically use the symmetry reduction method.
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IV Symmetry reductions and invariant solutions
We now make use of the symmetry reduction method in order to find invariant solutions of the supersymmetric polytropic gas dynamics equations (11) . Replacing the specific 
forms of the superfields W and P as listed in Table II into the supersymmetric equation (11) we obtain symmetry reductions.
In most cases these reductions involve heavy computations and we omit them for this reason. So, we present in this paper only certain classes of the invariant solutions involving (in most cases) freedom of arbitrary functions of one or two variables whose arguments can be either bosonic or fermionic. We propose two types of solutions. The first type has the form
where F and G are arbitrary functions of the fermionic arguments θ 1 and θ 2 and ξ is the symmetry variable. In some cases, we specify them to be in the form
where α, β, κ and λ are fermionic constants. The first type of solution is of the form
and corresponds to the results which we have obtained for subalgebras
The second class of solution is of the type
which we develop as a Taylor expansion with respect to θ 1 and θ 2 with non-constant coefficients which depend on the symmetry variable ξ. Since all terms that include (θ 1 ) 2 or (θ 2 ) 2 vanish, the solutions (69) are of the form
Replacing into the reduced equations, we obtain the solutions corresponding to subalgebras L 4 , L 5 , L 9 , and L 22 .
We obtain four different general classes of solutions.
A Solutions involving only fermionic variables
For the subalgebra L 1 = {P 1 }, the reduced system of equations is
and the obtained solution is
This solution has two arbitrary functions of the two fermionic variables θ 1 and θ 2 . Using the Taylor expansion of (72) in θ 1 and θ 2 , the solution (72) can be expressed as
where C 1 , C 4 , C 5 , C 8 are bosonic constants, and C 2 , C 3 , C 6 , C 7 are fermionic constants.
For the subalgebra L 5 = {P 2 }, the reduced system of equations is
and the obtained solution in the fermionic sector is
This solution has two arbitrary functions, f and g, of one fermionic argument (µ 1 −β 1 )θ 1 + (µ 2 − β 2 )θ 2 . Using the Taylor expansion, the solution (75) can be reduced to the form
where C 0 and C 2 are bosonic constants and C 1 and C 3 are fermionic constants.
For the subalgebra L 9 = {P 1 + εP 2 }, the obtained solution,
depends only on the fermionic sector θ 1 and θ 2 . This solution has two arbitrary functions, f and g, of one bosonic argument −α 1 θ 1 − α 2 θ 2 . In analogy with the case L 5 , this solution can be reduced to
For the subalgebra L 17 = {P 1 + εP 2 + µQ 1 }, the obtained solution in the fermionic sector is
which contains two arbitrary functions, f and g, of one fermionic argument θ 2 . This solution can be written in the form
where C 0 and C 2 are bosonic constants and C 1 and C 3 are fermionic constants. Since µ is not arbitrary, this solution is not the same as that of L 5 .
B Stationary solutions
For the subalgebra L 10 = {P 1 + νQ 2 }, the obtained stationary solution is
which contains two arbitrary functions, f and g, of two fermionic arguments, θ 1 and θ 2 − νx. This can be reduced to the form
where C 0 and C 2 are bosonic constants and C 1 and C 3 are fermionic constants. This solution is linear in x, θ 1 and θ 2 .
For the subalgebra L 11 = {P 1 + εP 2 + νQ 2 }, the obtained stationary solution is
which contains two arbitrary functions, f and g, of one fermionic argument θ 1 . This can be reduced to the linear form
For the subalgebra L 13 = {P 2 + µQ 1 }, the obtained stationary solution is
which contains two arbitrary functions, f and g, of one fermionic argument θ 2 . This can be reduced to the linear form
where C 0 and C 2 are bosonic constants and C 1 and C 3 are fermionic constants. Since µ is not arbitrary, this solution is not the same as that of L 11 .
For the subalgebra L 21 = {L 1 + εP 2 }, the obtained stationary solution is
which contains two arbitrary functions, f and g, of one fermionic argument θ 2 and is parametrized by the polytropic exponent γ. The solution can be expressed as
where C 2 is a bosonic constant and C 1 and C 3 are fermionic constants.
For the subalgebra L 22 = {L 1 + νQ 2 }, we obtain the stationary singular solution
which is parametrized by the polytropic exponent γ.
C Solutions in the form of a reduced equation
For the subalgebra L 8 = {L 2 }, for the case where γ = 3, we obtain the following reduced partial differential equations
where A is the superfield described in Table II with invariant τ 2 = t −1/2 θ 2 . The superfield W is expressed in terms of A through the relation
Here, P is a constant bosonic. This solution represents a non-stationary simple wave involving both bosonic and fermionic variables.
For the subalgebra L 12 = {L 2 + εP 1 }, for the case where γ = 3, we obtain the following symmetry reduction
where A is the superfield described in Table II with invariants σ = x − 1 2 ε ln t and τ 2 = t −1/2 θ 2 . The superfield W is expressed in terms of A through the relation
For the subalgebra L 16 = {L 2 +µQ 1 }, for the case where γ = 3, we obtain the following symmetry reduction
where A is the superfield described in Table II with invariants σ = x + µ ln t and τ 2 = t −1/2 θ 2 . The superfield W is expressed in terms of A through the relation
For the subalgebra L 20 = {L 2 + εP 1 + µQ 1 }, for the case where γ = 3, we obtain the following symmetry reduction
where A is the superfield described in Table II with invariants σ = x + 1 2
µ ln t and τ 2 = t −1/2 θ 2 . The superfield W is expressed in terms of A through the relation
For the subalgebra L 24 = {L 1 + kL 2 }, for the case where γ = 2 and k = 7, we obtain the following symmetry reduction
where A is the superfield described in Table II 
D Wave solutions
For the subalgebra L 3 = {P 1 + µQ 1 }, the reduced system of equations is
where f 1 and g 1 are fermionic-valued functions and f 2 and g 2 are bosonic-valued functions of the two arguments τ 1 = θ 1 − µx and τ 2 = θ 2 + µt.
The functions f 1 , f 2 , g 1 and g 2 satisfy the relations f 1 = 2f 2,τ 1 τ 2 f 2,τ 1 − f 2,τ 2 , g 1 = g 2,τ 1 τ 2 f 2,τ 1 + 2g 2,τ 1 g 2,τ 1 τ 2 − g 2,τ 2 ,
where f 2 and g 2 are completely arbitrary functions of τ 1 and τ 2 . This solution has a degree of freedom of two arbitrary functions of two variables which combine the fermionic variables θ 1 and θ 2 with the bosonic variables x and t. It represents a propagation wave in both the bosonic and fermionic variables. 
we obtain the propagating wave solution W = µt 2k 2 θ 2 + kθ 1 + 1 + kθ 1 µt + kθ 2 µx + kθ 1 θ 2 , P = µt kl + 2l 2 θ 2 + µtlθ 1 + 1 + lθ 1 µt + lθ 2 µx + lθ 1 θ 2
For the subalgebra L 4 = {L 1 }, we have obtained the explicit stationary solution in monomial form
which depends on the polytropic exponent γ.
For the subalgebra L 7 = {P 2 +νQ 2 }, the obtained non-stationary simple wave solution involving both bosonic and fermionic variables is W = g(µt + kθ 1 + µνθ 2 ), P = f (µt + kθ 1 + µνθ 2 )
which involves a bosonic constant k and two arbitrary functions, f and g, of one fermionic argument µt + kθ 1 + µνθ 2 .
For the subalgebra L 23 = {L 1 + εP 2 + νQ 2 }, the obtained solution is the simple wave W = µx 3/2 A(σ) P = ηx ( ε ln x and is parametrized by the polytropic exponent γ. In the specific case where one chooses A(σ) = e −kσ , we obtain W = µx 
Here, W involves damping in time t.
The remaining subalgebras have invariants which possess a non-standard structure in the sense that one does not obtain standard symmetry reductions from them (as described in 25 ). Such subalgebras are distinguished by the fact that each of them admits an invariant expressed in terms of an arbitrary function of the superspace variables, multiplied by a fermionic constant. We list in Table III the invariants expressed in terms of an arbitrary function of the superspace variables for each case. 
V Concluding remarks and future outlook
The objective of this paper was to construct a supersymmetric extension of the polytropic gas dynamics equations through a superspace involving two independent variables and two bosonic superfields and to perform a systematic group-theoretical analysis of this extension. We found a Lie superalgebra of symmetries of the proposed supersymmetric model (11) which included two translations, two dilations and two supersymmetric transformations. Decomposing this superalgebra into a direct sum, we used the Goursat method to classify its one-dimensional subalgebras into 24 conjugacy classes under the action of the associated supergroup. By using the symmetry reduction method, we determined the invariant solutions of the supersymmetric model under consideration. By postulating a wave-like form for the solutions, we obtained a number of classes of solutions involving arbitrary functions of one or two variables. In the particular case where the arbitrary functions involved only θ 1 and θ 2 , we were able to explicitly find the most general form of the solution through a truncated Taylor expansion. We constructed algebraic-type solutions and propagation waves (including simple and double waves) in explicit form. We conclude that the solutions of the supersymmetric polytropic gas dynamics model (11) include propagation waves and their superpositions involving both bosonic and fermionic variables. This phenomenon is analogous to that of the multisolitonic wave solutions obtained in the case of supersymmetric extensions of integrable models.
The following question can be considered. The freedom of the obtained solution can be found from the Cauchy data when t = 0. However, the aspect of the Cauchy problem involving uniqueness and continuous dependence on initial conditions remains an open problem for the case of hydrodynamic-type equations. This will be addressed in a future work.
